I. INTRODUCTION
The pri.nciple of superposition of dressed test particles 1 has been of great conceptual importance and practical utility in the kinetic theory'of plasma physics, as it provides an algorithm for the computation of certain one-or two-time expectations which is both mathematically simple and physically revealing.
The principle was first established rigorously by Rostoker, 1 2 , 3 dLL11uuy.h examples of-the principle had been given previously.
In words, the theorem states that to first order in thc discrete---ness parameter (plasma parameter) E El/nX (with n the density, interest, as it emphasizes that the superposition principle follows naturally and readily from the general principles of plasma kinetic theory. 1n" contrast. to this, the original proof oE the principle was motivated only by particular examples which were . . , . , .
sometimes mathematically complex and opaque. For completeness,
we shall also give a new inductive proof which simplifies ,c'onsiderably Rostoker's original one. We s h a l l deal immediately with the most general two-time version of the principle; the one-time re-* b sult follows as a special case.
In discussing two-time fluctuations, a consistent convention for time arguments is essential. The one we have-adopted uiffers from Rostoker's, and considerable confusion may result unless the following is understood clearly. There are essentially three times in the problem: the preparation time of the system, denoted by t the initial measurement time t and the final mea-
his is to be compared to Rostoker's notation, which is obtained from ours by the mapping Our notation is particularly convenient and emphatic for a discussion of two-time fluctuations. In two-time theory, almost all dynamical operators act at time t; our notation avoids a cluttered proliferation of primes or subscripts. In actual computations one deals mostly with one-sided functions (denoted by subscript " + " ) with t>to; -this time sequence is easier to remember than tl>t. -Initial conditions on two-time functions will be imposed at to. It is vital to note that to does not generally coincide with t in fact, usually to>>t so that initial transients P ' P have died away. In particular, in thermal equilibrium situations we have t so that the initial conditions on the two-time P quantities are the asymptotic long-time solutions of the appropriate one-time equations. For notational clarity, we do not write explicitly the dependence of all quantities on t . A P f u r t h e r d i f f e r e n c e w i t h R o s t o k e r ' s n o t a t i o n i s t h a t t h e o r d e r o f w r i t i n g t i m e a r g u m e n t s i s r e v e r s e d h e r e : i n o u r work l a t e r t i m e s a p p e a r t o t h e l e f t o f e a r l i e r t i m e s , w h i l e i n R o s t o k e r ' s t h e rev e r s e i s t r u e ( e . g . r+ ( X , t ; X o , t o ) r a t h e r t h a n T+ ( X , t ; X 1 , t ' ) ) .
. .
D e f i n e t h e ph'ase p o i n t X Z ( x , v , s . . ) , w i t h 5 t h e p o s i t i o n , y t h e -v e l o c i t y , a n d s t h e s p e c i e s l a b e l o f a p a r t i c l e . Most work i n p l a s m a k i n e t i c t h e o r y , i n c l u d i n g R o s t o k e r ' s p r o o f o f t h e s u p e rp o s i t i o n p r i n c i p l e ' , has d p a J t w i t h c e r t a i n c l c m c n t a l two-L i i~~t ! p r o b a b i l i t y f u n c t i o n s : t h e t e s t p a r t i c l e f u n c t i o n R ( X , t ; X u , t o ) , t h e p r o b a b i l i t y t h a t . a ( t e s t ) p a r t i c l e o f s p e c i e s s i s a t 0 ( x , v , t ) a n d t h a t t h a t s a m e p a r t i c l e i s a t ( x , v , t ) ( c l e a r l y R
v a n i s h e s u n l e s s s = s o ) ; t h e f i e l d p a r t i c l e f u n c t i o n F ( X , t ; X o , t o ) , t h e p r o b a b i l i t y t h a t a ( t e s t ) p a r t i c l e o f s p e c i e s so i s a t t ) a n d t h a k some d i f f e r e n t ( f i e l d ) p a r t i c l e o f s p e c i e s s (xo'vo' 0 i s a t ( x , y , t ) ; a n d c e r t a i n h i g h e r o r d e r f u n c t i o n s . ~e n e r a i l~ s p e a k i n g , i t i s cumbersome t o work d i r e c t l y w i t h t h e s e f u n c t i o n s , as t h e y e n t e r t h e f l u c t u a t i o n t h e o r i e s i n o n l y c e r t a i n welld e f i n e d c o m b i n a t i o ' n s , t h e i r p a r t s o f d o m i n a n t o r d e r i n E c a n c e l , P a n d o n e m u s t i n c l u d e c o m p l i c a t e d h i g h e r o r d e r t e r m s i n the t h e o r y t o o b t a i n n o n t r i v i a l r e s u l t s . . .
w i t h Ns t h e t o t a l number of p a r t i c l e s of s p e c i e s s a n d X . ( t ) t h e A .
1
e x a c t p h a s e t r e e c t o r y of p a r t i c l e i , a n d a l s o d e f i n e t h e f l u c - ditions successively smaller 'in E :
detailed account of this kinetic thgbry has been given elsewhere. 7,s However, to discuss the relation of this theory to the test parti- Since both approaches (7) and (8) hand, the two-step measurement described by ( 8 ) is performed on a system of uncorrelated quasiparticles. The disturbance in the quasiparticles induced by the first measurement --streams (no selfconsistent response) to time t. That these two processes are Lequivalent is not obvious; furthermore, the mathematics of neither approach resembles that, of the original procedure2 beginning from (2) and separate'evolution equations for R , F, and f. ~n explicit demonstration of the equivalence between the forma1.isms is therefore desirable. Furthermore, the original proof of the superposition principle is somewhat unsatisfying, as the result is postulated inductively, then verified. Although the indudtion hypothesis is well-founded, as the principle has been verified in . .
.. "
certain detailed (and mathematically complicated) examples, it is nevertheless desirable to give a deductive proof of the principle.
Such an approach demonstrates much more convincingly the intimate relation between the superposition principle and the general (lowest order) structure of plasma kinetic theory.
In the remainder of the work we shall give one deductive and one inductive proof of the superposition principle, beginning from (7). We will see that our proofs are more compact than was
Rostoker's original one. In fact, Rostoker had to invoke the .
second member of the BBGKY hierarchy for go, as well as its moderately complicated two-time generalization. However, our more judicious choice of r as fundamental quantity allows us to deal with nothing more complicated than the Vlasov equation. This simplification lends strong support to our assertion that I', rather than R or F , is the appropriate kinetic theoretic object with which to deal, and agrees with our intuitive notion of the plasma as dominantly Vlasov in character.
The organization of the paper is as follows. In section I1
we introduce an appropriate notation, state the superposition principle in terms of it, and formulate the mathematical assertion which must be proved. Xn section I11 we give for the fi.rst time a deductive proof of the principle by using simple facts about time-ordered operators to rearrange appropriately the formal solution of the Vlasov equation. In section IV we p.rove the principle inductively By postulating the result, then showing its equivalence to the r formalism (7). In section V.we comment briefly on the applicability of the superposition principle to the theory of neutral fluids, and discuss and summarize our reslll ts. In terms of the above notation, the quasiparticle density a <. 1 is now defined as 1 where and P obeys the test particle equation:
The S 1 term describes the streaming of the test particle represented by the 6(Y -X') term; the L term describes the Vlasov response to that test particle. Since y(Y,tlxl) is the fundamental quantity which appears in (lo), it is convenient to replace (12) The appropriate initial condition is for the m~ment, we do not specify P(t ) . The.motion of the test P particle ( S t ) and'its shielding cloud ( L ) is particularly evident in the form (15a).
In terms of y, the superposition principle (8) Comparing (16) with (7) and noting that A 9-nd B are arbitrary, we see that to prove the superposition principle is to prove that to lowest order in E P We shall of course need the initial condition (6) for r.
This initial condition contains the pair correlation function g(X,Xo,to), which obeys the second member of the one-time BBGKY hierarchy--truncated, in this lowest order case, by the neglect of the three-body cumulant. 'However, g'is needed only in the particular combination 5; furthermore, it is needed only to first order in E P'
In these circumstances,.it is no't necessary to invoke the cumulant equation for g as did Rostoker; 5 can be de-
termined directly from the dynamical equation (9) 
with initial condition
We will discuss the initial condition on g shorily.
This concludes the preparatory formulation of the problem.
We now turn to the proofs.
:
THE DEDUCTIVE PROOF
In this section, we give a deductive proof of the supeiposition principle (18) which begins from the formal solution of where H is the Heaviside function; the time-ordered exponential is defined in terms of this by With these definitions, the solution of becomes which reduces to the fami-liar result for time-independent 3 . We shall shortly make use of the formal similarity between (24a) and (24b). Another result of use to us is the property which is easily verified from (22).
We wish the, following proof to be as pedagogical and unclut-. . consider, then, the Green's function solution of (9) for T+: r + (~, t ;~~~t~) = C~, S~X~U + ( Y ,~; X ' ,to)<(xl ,~~, t~) . (27a) where we have introduced the retarded Vlasov propagator similarly, we find from (20) where for simplicity and clarity only we neglect the initial conditions on g--correlations are "driven in" from t = by the . P test particle motion alone. (This neglect will be rectified in the next section.,) Thus, for t > t we insert (28) into (27) (-ist to) , and i n t e g r a t e exp (-is' to) 0 by p a r t s , u s i n g a l s o ( 1 4 ) , t o b r i n g (31) t o t h e form . .
However, using (15) and (17), (32) becomes which is precisely the one-sided version of (18). Thus, the superposition principle is proved in this special case. By the replacement (20) we obtain the proof for arbitrary time dependence. The initial transients in g could be included in this proof with'no complication in principle. This will become clear in the next section, where we do discuss the initial conditions explicitly.
IV. A NEW INDUCTIVE PROOF
In this section we give for completeness a simplified form of Rostoker's inductive proof: we postulate (18), then show that both sides obey the same equations, with identical boundary conditions. The proof consists of <two steps. First, we assume that the "static" autocorrelation I'(to;t,) E S (t ) is given cor- rectly by the r.h.s. ? of (18), then verify that r also yields correctly the dynamics to+t as described by (9). Second, we I . ' . w e u s e ( 1 5 a ) t o r e p l a c e ( a + i L ) y by -i S 1 y ; t h e n i n t e g r a t i n g . . t t h e second t e r m i n ( 3 3 ) by p a r t s , w e b r i n g t h e r . h . s . o f ( 3 3 ) t q t h e form . .
which v a n i s h e s a c c b r d i n g f o (17a), . Thus, which i s t h e same dynamical e q u a t i o n ( 9 a ) s a t i s f i e d by r ; t h i s -i m p l i e s r = r i f t h e i n i t i a l c o n d i t i o n s on b o t h q u a n t i t i e s a r e i d e n t i c a l .
T h e r e f o r e , w e must now prove a s p a r t two of t h e p.roof . .
where i n w r i t i n g tlik l a s t l i n e o f (34) w e used (17b) . Upon i ns e r t i n g t h e d e f i n i t i o n s ( 6 ) and (11) o f 5 and y and performing t h e i n t e g r a t i o n , w e s e e t h a t (34) is. e q u i v a l e n t t o t h e a s s e r t i o n . .
. .
The p h y s i c a l s i g n i f i c a n c e o f t h i s skatement h a s been dis.cussed
by R o s t o k e r . 1
a,
-r = r , completing our proof, if we verify that the initial condi-. , . . tion at t = t i s satisfied. We must then verify 0 P .
In the usual application of the superposition principle, only correlations driven in by the streaming motion of the test particle are considered; initial transients in g are neglected.
For this case, g(t ) = P(t = 0 and (38) is satisfied. For the P P case when g(t ) represents " p h y~i c a l~~ correlations, (38) is also P satisfied. By this, we mean that we treat t as simply some early . . P time to which g has evolved according to (20) from a still earlier physical state of the system (which is usually t = -rn , P(-a) = 0, P as in the case of thermal equilibrium). Since we have already verified (35) for arbitrary times t (39) is a possible initial o r state. We shall not be concerned with other, unphysical initial correlations. We thus conclude that (18) is satisfied, and our inductive proof of.the superposition principle is complete.
V. DISCUSSION AND SUMMARY
The result (8) is written for an arbitrary number of species and is thus slightly more general than that of Rostoker, who considered only the case of equal species densities. We repeat for ' emphasis Rostoker's observation that the principle holds for -arbitrary space-time dependence of f(X,t) (although this lowest order truncation in E need not provide a reasonable or adequate is also well suited for deriving higher order generalizations of the superposition principle. We shall, however, reserve discussion of these generalizations and the possibility of a renormalization of the superposition principle to a future paper.
Of course, the Vlasov equation (9) is correct only for times short relative to the collision time. In addition, it is correct only for lengths 2-AD. However, several recent theories of short- Thus, the superposition principle may be of use in contexts other than the plasma physical one in which it was first introduced.
In summary, we have presented two new and straightforward proofs of the test particle superposition principle, beginning from the lowest order, collisionless equation for the phase space autocorrelation r. That a deductive proof of the superposition' principle is possible was demonstrated here for the first time in the literature. Both the deductive and the inductive proofs were simpler than Rostoker's original one, as we invoked from the outset only Vlasov dynamics; particle discreteness entered only as an initial condition. With the appropriate choice of pair correlation function, the superposition principle is also applicable to the short-time theory of neutral fluids.
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